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The motivation comes from a degradation mechanism that arises in fatigue crack growth (FCG).
This study concerns the parameter estimation of a stochastic differential equation that describes
the FCG phenomenon. The equation is written in the from of a stochastic regression model where
the residuals are assumed martingale differences. In this framework, the parameter estimates are
proved to be consistent.

The mechanism of crack evolution is modeled by a first order stochastic differential system, com-
posed by a deterministic FCG equation which is perturbed by a stochastic process. The dynamical
evolution of the increasing stochastic process Zt, on Rd, which stands for the crack length exten-
sion, is given by the following equation, Chiquet et al. [2009],

dZt

dt
“ CpZt, Xtq, Z0 “ z0, (0.1)

where Xt is a process of space E. For the function Cp¨, ¨q we set the appropriate existence and
unicity assumptions. In particular, we are concerned about the case that the rate function is ex-
pressed as the general stochastic equation of FCG, where a deterministic FCG equation of engi-
neering origin, i.e., a function of Zt say mpZtq, is multiplied by a stochastic process. In this case,
the rate function is written as,

CpZt, Xtq “ mpZtqgpXtq, (0.2)

where the perturbation process gpXtq is a deterministic (or fixed) function of Xt, E Ñ R` and
accounts for the randomness of the phenomenon. Due to its form in equation (0.2), the function
Cp¨, ¨q admits the following representation, depending on the unknown parameter θ0,

logCpz, xq “ C1pz,θ0q ` C2pxq, for θ0 P Θ Ă Rp, 0 ă p ă 8. (0.3)

The function C1pz,θ0q is the parametric part of the model and C2pxq “ log gpXtq are the respec-

tive residuals. Hence the observations are Vn “ log
p9Zn, where p9Zn stands for the estimated length

variation on the instant tn, i.e., p9Zn “
Zn´Zn´1

tn´tn´1
, they are also written as

Vn “ V pZn´1, Xnq “ logCpZn´1, Xnq “ C1pZn´1,θ0q ` C2pXnq. (0.4)

The equation (0.4) is a stochastic regression model and, under the assumption that the residuals
form martingale differences, see e.g. Jacob [2010], the conditional least squares estimates pθn of
the parameter θ0 are proved to be strongly consistent, i.e. pθn Ñ θ0 a.s., Lai and Wei [1982].

˚chrysanthi.papamichail@utc.fr



References 2

References

J. Chiquet, N. Limnios, and M. Eid. Piecewise deterministic markov processes applied to fatigue
crack growth modelling. Journal of Statistical Planning and Inference, 139(5):1657 – 1667,
2009.

C. Jacob. Conditional least squares estimation in nonstationary nonlinear stochastic regression
models. Ann. Statist., 38(1):566–597, 2010.

T. L. Lai and C. Z. Wei. Least squares estimates in stochastic regression models with applications
to identification and control of dynamic systems. Ann. Statist., 10(1):154–166, 03 1982.


